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THE MEAN VALUE OF THE PRODUCT OF CLASS NUMBERS 
OF PAIRED QUADRATIC FIELDS II 

ANTHONY C. KABLE AND AKIHIKO YUKIE 



Abstract. This is the second part of a two part paper. In this part, we evaluate 
the previously unevaluated local densities at dyadic places which appear in the 
density theorem stated in the first part. For this purpose we introduce an invariant, 
the level, attached to a pair of ramified quadratic extensions of a dyadic local field. 
This invariant measures how close the fields are in their arithmetic properties and 
iy-\ ' may be of interest independent of its application here. 

(N' 



1. Introduction 

We first recall the main result of part I and this paper. If fc is a number field, let 
Ajfc, hk, and Rk be the absolute discriminant (which is an integer), the class number, 
and the regulator, respectively. We fix a number field k and a quadratic extension k 
oi k. li F ^ k is another quadratic extension of k, let F be the compositum of F and 
^ ! k. Then F is a biquadratic extension of k and so contains precisely three quadratic 

[^^ I extensions, k, F and say, F*, of k. We say that F and F* are paired. 

For simplicity we specialize to the case k = Q. Let k = Q(v^) where do ^ 1 is a 
Q I square free integer. Suppose |Aq(^/^J = Y[pP^^^'''°^ is the prime decomposition. For 

On ■ any prime number p, we put 

c^ • \ ^ ~ 3p^^ + 2p^^ + p~^ — 2p^^ if p is split in k, 

C ■ E'p{do) = S (1 + P~^)(l ^ P^"^ — P~^ + P^^) if P is inert in k, 

> ■ [(l_p-i)(l+p-2_p-3^p-25p(do)-2L5p(<io)/2j-i) if p is ramified in fc, 

'x' 

H , where [6p{dQ)/2\ is the largest integer less than or equal to 5p((io)/2. We define 

, , , ,16 do> 0, , , , f 47r2 do>0 

c+(do) = < „ , „ C-{do 



71 do < 0, Stt do < 



M{do) = |AQ(^)|kQ(v/3^)(2)n^;(^o) 



p 



The following two theorems are the main results of part I and this paper. 
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Theorem 1.1. With either choice of sign we have 



Mm X-^ V hFRFhF*RF- =c±{do)-^M{do). 

[F:Q]=2, 
0<±Af<X 

Theorem 1.2. With either choice of sign we have 

^ [F:Q]=2, 

0<±Af<X 

For a general introduction to this problem, the reader should see the introduction 



to part I. Our method of deriving density theorems such as Theorems |L1| and |L2 
from information on the zeta functions of prehomogeneous vector spaces is called the 
filtering process. The filtering process for this case was discussed in the introduction 
and sections 6 and 7 of part I. The remaining task for us to finish the filtering process 
is to find the previously unevaluated local densities at the dyadic places of k and this 
is the main purpose of this part. 

Let W be the space of binary Hermitian forms. Our approach to the above theorems 
is based on a consideration of the zeta function for the following prehomogeneous 
vector space: 

(1.3) ^ = 01(2)^x01(2), V = W®AS\ 

where 0L(2)^ is regarded as a group over k by restriction of scalars and Aff^ is afiine 
2-space regarded as a variety over k. There is a relative invariant polynomial P{x) 
of degree four (given immediately after (3.5) in part I) and we put V^^ = {x E V \ 
P{x) ^ 0}. 

Let f be a finite place of /c, k^ be the completion of k at this place and K.^ C Gk^ 
be the standard maximal compact subgroup of Gk^. We assume that k^ = k ®k k^ is 
a field. It is proved in [Q, p. 324 that the orbit space Gk^V^^ corresponds bijectively 
with the set of extensions of k^ of degree one or two. For x G V^^*^ we denote the field 
corresponding to x by fc^(x) and the identity component of the stabilizer of x by G°. 

In part I we selected standard representatives for the orbits in Gk^\V^^ and in- 
troduced an equivalence relation x on V^^ whose equivalence classes are unions of 
Gfc^-orbits. These definitions will be reviewed, respectively, in section ^ and at the 
end of section ^. On Vk^ we use the additive Haar measure under which vol(Vc)^) = 1 
and on 6*°^^ the Haar measure described in p|. Definition 5.13. We shall not have 
to recall this latter definition here; all the information we require about it will be 
presented at the beginning of section ^. If x is the standard representative for an 
orbit in Gk^\V^l then we define 

ey{x) = vol{Glf,^ n Kjj)vol{Kyx) 

and 
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Index 


e^{x) 


(rm rm)* 


ig-^"-L../2j(,_^-,), 


(rm rm ur) 


?.-^^"(l-K'^'"/'^)(l-g.-^)^(l-g.-^) 



Table 1. 6v{x) = ey{x) for types (rm rm)* and (rm rm ur) 



Conditions 


ev{,x) 


5x,v 7^ 5y, 6x,v < 2m„ 


q-^'-^/'^'-^\l-q-^)\l-q;;^f 


5x,v 7^ 5y, 5x,v = 2m„ + 1 


q-'^-^^^'-^'\l-q~^){l-q~^f 


Sx,v = 5y< 2m^, A^,„ = |(5^ 


^."''^•"(l-?;^)(l-2g-^)(l-g-T 


Sx,v = S^ < 'irriy, A^._„ > ^5y 


g."''^'"(i-g.-T(i-g.~^f 


Sx,v = ^v = 2m^ + 1 


^."''^■"(l-?.-T(l-c')^ 



Table 2. e„(x) for grouped dyadic orbits of type (rm rm rm) 



where the sum is over standard representatives for orbits in the equivalence class of 
X. The local density at v is then 



E^ = ^£^{x) = ^ 



ev[x) 



where the first sum is over all standard representatives for orbits in GkJ\yk^ and the 
second over a set containing one standard representative for an orbit in each class in 
^kv^Yk" / ^- The values of £:^(x) calculated in this paper are summarized in Tables 
and 0. The remaining notation used in these tables is defined in section ^ and at the 
end of section 0. The values of e„(x) in Tables |l] and are verified in Propositions 
13, |5;21|, |5;23, Corollary ^^ and H, Proposition 10.3. 

All the cases we have to deal with here involve pairs (fc^, ky{x)) of ramified qua- 
dratic extensions of k^. Since v is dyadic, they are both wildly ramified and this is 
the main difficulty of the situation. The definition of e„(x) consists of two factors, 
vol(G°^^ n K^) and \o\{K^x). It is the second factor which requires grouping of or- 
bits to compute. So, for us to be able to compute Syi^x), the first factor has be the 
same for all x in the same group. This means that the grouping has to be coarse 
enough to compute the sum of the second factors, but fine enough so that the first 
factor stays constant in every group. When we defined the appropriate grouping in 
section 7 of part I, we used the relative discriminants of the extensions kv{x)/k^ and 
kj;{x)/ky, where ky{x) is the compositum of k^ and ky{x). However, we would like to 
use congruence conditions on the vector space V to compute the sum of vo\{Kyx) and 
it is not easy to relate the relative discriminant of ky{x)/ky directly to congruence 
conditions on V. 
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To surmount this difficulty, we introduce, in section ^, the notion of the level of a 
pair (fci, ^2) of ramified quadratic extensions of /c„. This number provides a measure of 
how close ki and /c2 are in their arithmetic properties and we prove that the grouping 
with respect to the level is the same as the grouping with respect to the relative 
discriminants of k^{x)/kv and ky{x)/ky. The definition of the level itself involves 
congruence conditions and so it is relatively easy to relate it to congruence conditions 
on V. After establishing the properties of the level, it is fairly straightforward to 
carry out the computation of ey{x). 

For the rest of this introduction we discuss the organization of this part. Through- 
out this part, k is a fixed number field, and fc is a fixed quadratic extension of k. We 
also assume throughout that f is a dyadic place of k and ky is a ramified quadratic 
extension of k^. Therefore, the content of this part is of a purely local nature. Even 
though we basically follow the notation and definitions in part I, a minimal review 
of basic notions and definitions should help the reader, and we shall provide this in 
section |^. In section ^ we introduce the notion of the level of two ramified quadratic 
extension of a dyadic local field and establish its fundamental properties. For the sake 
of computing e^^x), Proposition |3.19| is the crucial result. In section ^ we compute 
vo^G"^^ nKy) and prove that it depends only on the level of ky{x) and ky. In section 
1^, we compute the sum of vol{Kyx) for each equivalence class of representatives, using 
the same method as that in section 11 of part I. 



2. Review of facts from part I 

In this section we give a minimal review of basic notation and definitions from part 
I which are needed in this part. 

If X is a finite set then ^X will denote its cardinality. The standard symbols Q, 
M, C and Z will denote respectively the rational, real and complex numbers and the 
rational integers. If a G M then the largest integer z such that ^ < a is denoted \_a\ 
and the smallest integer z such that 2; > a by \a]. If i? is any ring then R^ is the set 
of invertible elements of R and if V^ is a variety defined over R then Vr denotes its 
-R-points. If G is an algebraic group then G° denotes its identity component. 

Throughout this paper, fc is a fixed number field, fc is a fixed quadratic extension of 
k and f is a dyadic place of k such that k^ = k®k kv is a ramified quadratic extension 
of ky. We denote the non-trivial element of Gal(/c//c) by a. Let Oy, Oy be the integer 
rings of ky, ky and py = (vr^), pj, = (jTy) be their prime ideals. We denote the absolute 
value in fc^ by I |^. As far as notation pertaining to number fields and local fields, we 
use the same conventions as in part I: the notation for the k object will be derived 
from that of the k object by adding a tilde and, for other fields, by writing the field 
in question as the subscript. For example. Op for the ring of integers of the field F. 
li a E ky and (a) = pl then we write ordfc„(a) = i. If i is a fractional ideal in ky and 
a — 6 G i then we write a = 6 (i) or a = fe (c) if c generates i. 

If ki/k2 is a finite extension either of local fields or of number fields then we shall 
write Aki/k2 for the relative discriminant of the extension; it is an ideal in the ring of 

integers of k2. We put A^^ ,^^ = p^". We shall use the notation Tr^^/^j and ^ki/k2 foi' 
the trace and the norm in the extension ki/k2. 
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We assume that the reader is famihar with the basic definitions and facts concerning 
local fields. These may be found in |^. We choose Haar measures dx^ on k^ and d^t^ 
k^ so that Jq dxjj = 1 and J^x d^t^ = 1. 

As in part I, we use the following notation 

(2.1) a{t,,t,) = (^^^ °),n(«)=(^^ J 

Let (G, V) be the prehomogeneous vector space ( |1.3| ) in the introduction. We 
identify x = (a;i,X2) G V with the 2 x 2-matrix Mx{v) = fiXi + ^2X2 of linear forms 
in the variables vi and V2, which we collect into the row vector v = (fi,f2). With 
this identification, the action oi g = {gi, (72) G G on \^ is Mgx{v) = giMx{yg2) ^gl- We 
define F^{y) = -detM^{v). Then Fg^{v) = N^^,^{det gi)F^{vg2). It is proved in |l|, 
p. 324 that by associating x with the splitting field of Fx{v), the orbit space Gk^\V^^ 
corresponds bijectively with field extensions F/k^ of degree one or two. If x G V^^ 

then we denote the corresponding field by ky{x). If k^^x) 7^ kv,ky then we define 
ky{x) to be the compositum of k^ and k^^x). 

We use coordinate systems on G and V similar to those in part I, as follows. For 
elements g = {gi,g2) G G we shall write 

(2.2) g, = (^''' ^''' 

\gi2i gi22 

for i = 1,2. For vectors x = (xi, X2) G l^ we shall put 

(2.3) X. - ' ^'° ^'^ 



With this coordinate system, Fx{v) = aQ{x)vf + ai{x)viV2 + a2{x)v2 where 

ao(x) =N^^/^Jxii) -X10X12, 
(2.4) ai(x) = Tr^^/^^(xiiX2i) - X10X22 - X12X20, 

02 (X) =^~k,/kSx2l) -X20X22. 

Suppose that p(z) = z^ + aiz + 02 G k[z\ has distinct roots ai and 0^2. We collect 
these into a set a = {ai, 02}, since the numbering is arbitrary. Define Wp G Vk by 



(2-5) Wp ^ 1 1 1 . ) > 1 . .2 



1\ A fli 

1 aij ' \ai a\ — 02 



Then F^ (z, 1) = p{z) and so we can choose a representative of the form Wp for each 
orbit in the orbit space Gk^\V^^. These are the standard representatives. As remarked 
in P], (3.15) and what follows, if we put 



w - 
and 



1 0\ /O 

oj ' lo 1 



_ 1 -1 

" ' «! 0^2 
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then we have Wp = {ha, («2 — ai)^^ha)w if k^ivop) ^ ky and Wp = {ha, ha, (^2 — 
(yi)^^ha)w if ky{wp) = ky. (In the latter case we are regarding Gk^ as being embedded 
in G^ ; this is explained more fully in p, section 3.) 

We only consider x such that ky{x)/ky is a ramified quadratic extension. Since k^/ky 
is also ramified, by assumption, there are three types of orbits. By definition, the one 
corresponding to ky has index (rm rm)*, those corresponding to quadratic extensions 
ky{x)/ky such that ky{x) ^ ky and ky{x)/ky is unramified have index (rm rm ur) 
and those corresponding to quadratic extensions ky{x)/ky such that ky{x) ^ ky and 
ky{x)/ky is ramified have index (rm rm rm). These indices are used in Tables |l], 0. 

3. The level of paired quadratic fields 

Let ki 7^ k2 be ramified quadratic extensions of ky, and ki ■ k2 be the compositum of 
ki and /c2- We introduce the notion of the level and prove its fundamental properties 
in this section. For the rest of this paper we put 20y = p™" . 

First we need to recall some facts concerning quadratic extensions of ky. There is a 
unique unramified quadratic extension of ky and it is well-known that it is generated 
by a root of the Artin-Schreier polynomial z"^ — z — c for a suitable choice of c G Oy . 
Thus it is also generated by the square- root of l+4c. If e G Oy is a unit whose square- 
root generates the unramified quadratic extension of ky then £ = a^(l + 4c) for some 
a G O^ and so the congruence e = a^ {pI"^") is solvable. Conversely, if e G O^ is 
such that 8 = 0^ (pS™'") is solvable but e = a^ (p^™""*"^) is not, then e is not a square 
and {2a)~^{a — ^/e) is easily seen to satisfy an Artin-Schreier polynomial, so that \/i 
generates the unramified quadratic extension of ky. Notice that e = a^ (pj"'""'"^) being 
solvable implies that e is a square, by Hensel's lemma. 

Now we turn to ramified quadratic extensions, F, of ky. Every such extension is 
generated by a root of an Eisenstein polynomial p{z) = z'^ + aiz + a2. This root is 
a uniformizer, np, of F and we have Op = Oy[7rp] and hence Ap/^^ = {af — 4a2)C^ 
for any choice of Eisenstein polynomial which splits in F. If ordfc„(ai) > rriy + 1 then 
we may make the transformation z h^ z — (ai/2) in order to assume that ai = 0. 
These extensions are exactly those generated by the square-root of a uniformizer of 
ky and they have Ap/k^ = p^™"+^. If 1 < ordA:„(ai) < m„ then put i = ordfc^(ai). 
Here Ap/^^ = p^^ and F is generated by the square-root of of — 4a2 and hence also 

by the square-root of the unit 1 — 4a2a5^^ = 1 + TCy c for a suitable c G Oy . 

This exhausts all quadratic extensions of ky. If e G Oy is a non-square unit and 
e = a"^ (p^™"") is not solvable then let i < 2my be the largest integer such that 
£ = a^ (p^) is solvable. We must have e = a^(l + TCy c) for some 1 < i < ruy 

and c G Oy and then i = 2{my — £) + !. In this case, vr^"™" {^/6 — a) is a uniformizer of 
ky{\/e). From this paragraph and the previous one it follows that if e G O^ is a non- 
square unit then we may always multiply e by a square to arrange either e = 1 + 4c 
or £ = 1 + TT^^^^-^^+^c with ceO^. 

In what follows we shall use the subscript 1 (resp. 2) to denote objects associated 
with ki (resp. ^2). Thus Oi will be the ring of integers of ki, tti a uniformizer of 
ki, pi the prime ideal in Oi and A^^/fc^ = pf^ and similarly with 1 replaced by 2. 
Let pi{z) = z"^ + aiz + 02 and P2{z) = z"^ + biz + 62 be the minimal polynomials 
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of TTi and TT2 over fc„, respectively. Let ii = ordjt„(ai) if this is less than or equal 
to rriv and ii = rrty + 1 otherwise. Define I2 similarly for ^2. Notice that we have 
li=[{5i + l)/2\. 

In the following two lemmas, F/ky is a ramified quadratic extension, pp is the 
maximal ideal in the ring of integers of F and ^f/k — Pv^- We let dp = [{Sp + 1)/2J . 

Lemma 3.1. Suppose x & F and ordir(x) = 1. Then TTp/kyix) G p^^. Moreover, if 
ip < m^ then ordfc^(Tri7'/fc„(x)) = ip- 

Proof. We have Op = Oy[x] and so if z'^ + Ciz + C2 is the minimal polynomial of x over 
kv then ci = -TTp/k,{x) and {cj - 4c2)Ot, = Ap/k,. If ip < rriy then /^p/k^ = pf^ 
and hence ordfc„(ci) = dp. Ii dp = m^ + l then /^p/k^ = p^"^"+^ and so cj e p^™"+\ 
which gives Ci G pf,^. D 

Lemma 3.2. Suppose u E F and ord^(-u) = j . Then 

Proof. The different oiF/k^ is p/" and so, from the definition of the different, u E p~p ^ 
implies that lipikX'^) G O-u- Multiplying by vr", we find that u G p^~ ^ implies that 
lipik^u) G p". Let n = [(j + 5f)/2J . Then 2n < j + Sp and so 2n — 6p < j. Thus 
M G p^"-'^ and so Tr^./^^ (u) G p^ D 

For < ii < 12 < ii + I we define 

Ji+i2^n Trfe2/fc„(r/) = ai (p;0 
Nfc,/fc„(r/) = a2(p;^) 

We first show that the conditions defining Si-^^i^^ki, k2) depend only on the class 
of rj modulo 7r2^'''*^02, so that the definition makes sense. Suppose that rj E O2 and 



(3.3) Si,,,ik^,k2) = lv^02/nl'^''0^, 



u G TTg *^C^2- Then, by Lemma 3.2, 



ordfc„(Trfc,/fc„(n)) > [{i^ + 12 + 62)/2\ > [(2zi + 52)/2j > h 
and so Tik^/kAv) = T^'^k2/kAv + «) (Pv)- Also, 

Nfc2/fc„(r? + u) = Nk.,/kAv) + T^rk^/k^V^u) + Nfc2/fc^(M) 
and 

ordfc,(Trfe/,,„(r7'^M)) > [(^i + ^2 + 52)/2j > [(2^2 + S2 - l)/2j > ^2 

by Lemma ^]2] and the fact that 62 > 2. Further, oTdk^(Nk2/kv{u)) = h + ^2 > "^2 
and so '^k2/kv{v + u) = '^k2/kv{v) (P^v)- We shall, by a slight abuse of notation, 
confuse elements of O2 with their classes modulo 7r2^'''*^02, so that we may write 
rj G Si^^i^{ki, ^2) if the class of r^ G C2 satisfies the indicated conditions. 

We let ni(fci, /c25 (resp. 1x2 (fci, ^2,^)) be the cardinality of the set ^^^^(/ci, ^2) (resp. 
S'j_j+i(A;i, /C2)) for i > 0. The set Si^^i^{ki, /C2) depends on the choice of an Eisenstein 
polynomial for ki. However, it is ni(fci, k2,i) and n2(/ci, k2,i) which interest us and it 
turns out that these numbers depend only on /ci, ^2 and i, as we show in Lemma |3.6| 
below. In fact, we are really only interested in the range of i in which ni(/ci, ^2, i) and 



1X2(^1, ^2; i) do not vanish and Lemma |3.6| is more than we require. We shall discuss 



the motivation for our approach at the end of this section. 
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Definition 3.4. The largest integer i such that Si^i{ki, /C2) 7^ will be called the level 
of ki and k2 and denoted by lev(fci, ^2)- 

Of course, lev(A;i, ^2) is the largest integer, i, such that 1x1(^1,^2,2) 7^ 0. It is an 
easy consequence of Hensel's lemma that lev(/ci, ^2) < 00 since ki and /c2 are distinct. 



A specific upper bound for lev(fci,A;2) will be given in Proposition 3.11 . It follows 
directly from the definition that 

(3.5) ni(fci, fca, 0) = n2{ku ^2, 0) = 1, ni(/ci, k2, 1) = g„. 

Lemma 3.6. (1) The numbers ni{ki,k2,i) and n2{ki,k2,i) depend only on ki and 
k2, not on the particular choice of Eisenstein polynomial used to evaluate them. 
Thus this notation is legitimate. 
(2) For j = 1, 2, we have nj{k2, ki,i) = nj{ki, k2,i) for all i > 0. 

Proof. If TTi and tt[ are uniformizers of ki then tti = c+rfvr^ with c G pt, and d G O^ . If 
Pi{z) = z^ + aiz + a2 is the Eisenstein polynomial associated to tti then the Eisenstein 
polynomial, p'i{z) = z"^ + a'-^z + 02, associated to vr^ is p'i{z) = z^ + d^^{ai + 2c)z + 
d~'^{c^ + flic + 02). Say 77 G C2 satisfies the congruences lTk2/k^iji) — '^1 (P^O ^^^ 
^k2/kv{v) — '^2 (pj?)- Then it is easy to check that rj' = d~^{ri + c) satisfies the 
congruences TiUi/kAv') = «i (P^') and '^ki/kSv') = 02 (P^^)- Since d e O^ , the map 
r] 1-^ d^^ij] + c) induces a well-defined map on 02/1^2^^^ ^2 with inverse induced by 
rj' h-> drj' — c. This establishes a one-to-one correspondence between the two sets and 
(1) follows. 

Fix a uniformizer tti of ki and let Pi(-2) = 2;^ + aiz + 02 be the corresponding 
Eisenstein polynomial. Consider Si^^i.^{ki,k2). We may assume that Z2 > 2, since 
we have evaluated the numbers ni(A;i, ^2, 0), ni{ki,k2,l) and n2(/ci, A;2, 0) in ( p.5| ) and 
they satisfy the second claim. With this assumption, every element of Si^^i^{ki^ /C2) is 
(the class of) a uniformizer in 02- 

Suppose 5*4^^42(^1, ^2) 7^ 0- Fix tjq G Si^^i^{ki^k2). We will use the corresponding 
Eisenstein polynomial Pq{z) = z'^ + a^iz + 002 to evaluate x\.j{k2^ki,i). Every other 
element r] of 5*41 _J2(fci, /C2) has the form 77 = c(?7)+(i(?7)?7o with 0(17) G pyBuddijj) G O^ . 
Moreover, the conditions on rj imply that c{ri) and d{rj) satisfy the congruences 

-d(r;)(aoi-2c(r/)d(r7)-i)^ai(p;i) 

c{rif - aoic{r])d{T]) + ao2d{r])^ = 02 (p^') . 

We define zu{ri) = d{ri)^^{'Ki + 0(77)). Then, using the facts that c{ri) G p^ and 
^2 < "^1 + I5 it is easy to check that 

Trfc,/fc„(ti7(^)) = aoi (pj,^), Nk,/kA^iv)) = «02 (p^') 

and so Tu^ri) G Si^^i^{k2, ki). Suppose u G 7r2^^*^02 and rj' = rj + u. If we write m = 
€(«) + d{u)rjQ with d{c),d{u) G O^, then €(«) G p^^ and d{u) G pj,^ By computation, 

= d{r]')~'^d{ri)~^{-d{u)TXi + c{u)d{r]) - c{r])d{u)). 

It is easy to check that this element belongs to nl^^'^^Oi and so the map rj \-^ 'coirj) 
induces a well-defined map from Si^^i^{ki,k2) to Si-^^i^{k2,ki). Reversing the roles of 
ki and ^2 we obtain a similar map from Sij^^i^{k2,ki) to 5'j^^J2(fci, ^2) induced by the 
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map sending ( = c'{() + d'^Qui to rf'(C) H^o + c'(C))- It is easy to check that these 
maps are inverse to one another and so Si-^^i,^{ki, k2) and Si-^^i,^{k2, ki) have the same 
cardinahty. D 

Let ks be the unique quadratic extension of k^ other than ki and k2 contained in 
ki ■ /c2. Let pi{z),p2{z) be as before. Let ai and ^2 be the roots of pi and Pi and P2 
be the roots of p2- 

Define 

7i = (ai - Pi)ia2- P2), 

72 = (ai -/32)(a2 - Pi) ■ 

The following lemma provides an equation defining k^. We will not provide the 
proof since it is elementary. 

Lemma 3.7. The numbers 71 and 72 generate k^ over ky and are the roots of the 
polynomial 

(3.8) psiz) = z^ - [2(a2 + &2) - axh^z + J 

where J = (02-^2)^ + (oi - 61) (0162 - 0261). Moreover, 71 -72 = (ai -a;2)(/9i -/52). 

Next we consider the relation between discriminants of ki^k2,k^. Let A^./k^ = p^* 
for 2 = 1, 2, 3. Note that for i = 1,2, Si = 2, ... , 2m„ or 2?7i^ + 1. 

Lemma 3.9. We have 6^ < max{(5i, 52}. Moreover, equality holds if 61 7^ ^2. 

Proof. There are two cases to consider. If two of the fields are generated by adjoining 
the square-root of a uniformizer then they have equal discriminants and the third 
field has a smaller discriminant (since it is obtained by adjoining the square root of 
a unit). Therefore, we have the statement of this lemma in this case. Otherwise, all 
the fields are obtained by adjoining the square root of a unit. Let ei, 62 and £3 be the 
units whose square roots generate ki,k2 and k^ respectively. We may assume that 
Ej = 1 + TTv Cj where Cj G O^ and 6j = 2ij for j = 1,2. We may also assume 

£3 = ei52- Then 

£3 = 1 + vr,2(™-^i)+ici + 7r2(™"-^2)+ic2 + ,r2(™-^i)+2(™-^2)+2^^^^_ 

If ii > £2 then 

and so 63 = 2£i = 6^. The case £2 > h is similar. If £1 = £2 then £3 = 1 (p^^"''"^'^+^). 
If £3 = 1 (4) then ^3 = and the inequality holds true. Otherwise, the largest number, 
i, such that £3 = 1 (p^) has the form i = 2{m^ — £3) + 1 with £z < £1 = £2- Then 
5^ = 2^3 < Si = 62 and again the inequality is true. D 

Lemma 3.10. We have 

2[|ordfc„(J)J < Si + 62 -63. 

Proof. Let a = [|ordfe^(J)J so that J/vr^" is either a unit of a uniformizer of k^. 
Since ^kg/k^ilj/'^v) — J/'^l"' fo^ J = 1 ^"^^ 2, we conclude that Ij/t^'^ is an integer. 
Thus the ideal generated by (71 — 72)^/7r^" in O^ is contained in p^^. But 71 — 72 = 
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(ai — 0:2) (/9i — P2) and so the ideal generated by (71 — 72)^ is p^'^'^^^- The inequahty 

follows. n 

Proposition 3.11. We have 2lev{ki, ^2) + 1^3 < (5i + 52- 

Proof. Let i = lev{ki,k2). We choose Eisenstein polynomials pi,P2 so that ai = 
bi, a2 = 62 (Pt)- Then 

(3.12) J = (a2 - 62)^ + (cti - &i)[a.i(&2 - 0.2) + 0.2(0.1 - h)] 

and our assumptions imply that this lies in p^*. Using the previous lemma we obtain 
2i < 61 + 62 — S3 and the inequality follows. D 

Corollary 3.13. (1) If ii ^ 4 then lev(A;i, k2) < min{£i, £2}- 
(2) Ifii = £2 = ^, (5i = (52 = (5 i/ien lev(A;i, fca) < (5. 

Proof Consider (1). Suppose, without loss of generality, that ii < £2- Then, accord- 



ing to Lemma |3.9| , we must have 63 = 62 and so the inequality in Proposition j.ll 
becomes lev(fci,/c2) < j^i- Since 61 7^ 2m^ + 1, ^61 = ii. Statement (2) is obvious 
from Proposition |3.11| because ^s > 0. D 

Note the above corollary implies that if ki,k2/kj; are ramified quadratic extensions, 
61 = 62 = 6 and Ss+i,5+iih, h) ¥" then ki = k2. 

Proposition 3.14. The extension {ki-k2)/k2 is unramified if and only if Si = 62 and 
'S'<5i,<5i(^i, k2) 7^ 0. Moreover, if these conditions are satisfied then k^/k^ is unramified. 

Proof. Suppose fci = ky{y/ei) and k2 = A;^(v^). We first assume (fci ■ fc2)/^2 is 
unramified. Then {ki ■ k2)/ky is not totally ramified. Therefore, by 0, Corollary 4, p. 
19, fci • /c2 contains an unramified quadratic extension of fc„. Since fci, ^2 are ramified, 
the remaining quadratic subfield k^ = ky{\/e2Si^) must be unramified over k^. Let 
£3 = £^2£^r^5 so that 62 = siE^. Multiplying £2 and hence €3 by a square, if necessary, 
we may assume that £3 = 1 (4). Then ei and 62 have the same order in fc„ and, 
multiplying them both by the same square, we may assume that they are either both 
units or both uniformizers without altering e^. 

If £:i,£:2 are both uniformizers then 61 = 62 = 2m^ + 1. By the assumption on 
£3, 62 = £1(1 + 4C3) for some C3 G O^ . Let rji = ^JTi for i = 1,2. Then r]i,ri2 are 
uniformizers of ki, ^2 respectively and 

Trfe2/fc„(r/2) = Tik^/kAVi) = 0, 

Nfe/fc„(r/2) = -S2 = -Si - 4£iC3 = ^k./kSvi) (pr^"-')- 

This implies that 5'2m„+i,2m„+i(fci, /i^2) 7^ 0- 

Suppose 61,62 are both units. Then 5i = 2£i, 62 = 2^2 with 1 < £1,^2 < ""^i;- Let 
£1 = 1 + 7r^('"''"^'^+^ci and £3 = 1 + 4c3 with ci e O^^, C3 G O^ Then 

£2 = £1^3 = 1 + 7r,2(™"-'^)+^(ci + (47r;2™^)7rf-^C3 + 4ciC3). 

Let 

(3.15) C2 = ci + (47r;2™")7rf ^-^03 + 4ciC3. 

Then C2 G C^^ £2 = 1 + vr^^"'""^'^+^C2 and C2 = Ci (pf ^~^). Therefore, £1 = 4 and so 

(5l = ^2. 
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Let 5 = (5i = ^2 and £ = £i = £2- We put rji = (7r^/2)(^ - 1) for i = 1,2. Then 
T]i is a uniformizer of ki satisfying the Eisenstein equation z'^ + ir^z — tt^^q = for 
i = 1, 2 where 9 = nl'^-fi G O^ . Thus 

Trfc2/fc„(r72) = -vr^ = Trfc^/fc„(r/i), 

Nfe/fc„(^2) = -7ivdc2 = -ttJci (pf ) 

and since '^ki/kAvi) = -t^v^Ci, we have 772 e 6*5,5 (/ci, ^2)- 

Conversely, suppose 61 = 62 and Ss^^Siiki, k2) 7^ 0. Let ^3, ^3 be as before. Then by 
Proposition 3.11 , 6^ = 0. This imphes that k^/k^ is unramified. Since /C3 is generated 
by roots of an Artin-Schreier equation and they also generate the field extension 
{ki ■ k2)/k2, this extension is unramified also. D 

Note that by Proposition |3.14| , there is precisely one orbit having (rm rm ur) as its 
index. 

We shall next prove that lev{ki, k2) > min{[i(5i + 1)J, \_\{52 + 1)J}. 

Lemma 3.16. Suppose that £1 7^ £2 and 1 < i < min{£i,£2} or that 1 < i < £ = 
£\ = £2- If r] E O2 satisfies ordfcjl^) = 1 and ^k2/ky{v) — '^2 (p^) then there exists a 
unit t = c — drj such that ^k2/kyitv) = '^2 (p^^^)- 

Proof. If z = 1, we choose t G O^ . Then ^k2/kyitri) = t'^'Nk2/ky{v)- Since any element 
of O^ is a square modulo p^,, we can choose t so that t'^'Nk2/ky{v) — '^2 (p^)- 

We now assume i > 2. Note that if £1 7^ £2 then £1 < niy or £2 < m^ and so 
i + 1 < niy + 1. This condition is obviously satisfied in the second case. 

Suppose rj"^ + b[ri + b'2 = is the Eisenstein equation satisfied by rj. Let '^k2/kv{v) = 
62 = 02 + evr*. Then 

^k2/kAtV)=^k2/kAt)^k2/kM 

= (c^ + b[cd + b'2d^){a2 + e<) 

^(c^ + 6'2rf')(a2 + e<)(p;+^) 

= a2C^ + 0262^^ + c^e< (pt^^). 

Note that since i < £2 in. both cases b'lTTy = (p^^"*^). Let c = 1 + n^ f with N > Q 
and/GO^ Then 

C =l + 2TT^f+TT^ t =1 + 71^^ J (P^ )• 

The last congruence is satisfied because of the condition i + 1 < m^ + 1. So 

^k2/kStv) = a2 + aa/'vr^^ + a26'2C^' + e< + <+'^e/2 
= a2 + 02/^2^ + a2b'2d'' + e< (pj,+^). 

Note that the orders of a2/^vr^^, a2b'2d^ are odd and even respectively and they can 
be any odd or even integer greater than or equal to two. So we can choose suitable 
d, /, A^ so that 

a2Ar + a26'2rf^ + e<^0(p^+i). 

D 

The following proposition provides a lower bound for lev(A;i, /C2). 
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Proposition 3.17. Suppose 1 < i < min{£i,£2}- Then Si^i{ki,k2) 7^ and so 
\ey{ki,k2) > min{£i,£2}- Moreover, if ii 7^ £2 then lev(fci,/c2) = ^ = min{£i,^2} 
anc? Si^e+i{ki,k2) ^ 0. 

Proof. We put £ = niin{£i,£2}- Let r] ^ O2 he any uniformizer. Using Lemma p.l6| 
we can arrange that Nfc2/fc„(?7) = 0.2 (pf,) and ^k^/kAv) = «2 (p^"^^) if h 7^ ^2- By 
Lemma gA], Trfc2/fc,(^) G p^^ ^ p^ and so Trfc2/fc„(?7) = ai (p^). Thus r/ G S'^/(/ci, /C2) 
and r] G S'^,f+i(A;i, /i;2) if (ii 7^ £2- When (i\ 7^ £2, the equahty lev(£i,£2) = ^ then 
follows from Corollary |3.13| . D 

Note that £j = \_\{5i + 1)J for i = 1,2 and so the above lower bound is min{ [|(5i + 

Lemma 3.18. Suppose i > I, r],r]' e O2, and ^ki/kAv) = ^ki/k^iv') = «2 (p^^^)- 
Then there exist e, f E O^ such that r( = evTt, + (1 + f'n'v)v- 

Proof. Note that rj, 77' are both uniformizers. So we may assume that rj' = c + drj with 
c G p,,d G a\ Then Nk,/kM) = d^^k,/kM = ^'«2 (p^)- Therefore, d^ = 1 (p.). 
This implies d = 1 (py). D 

In the following proposition and its corollary we assume that ii = £2 = £, Si = 
62 = 6 and i < i < 6. 

Proposition 3.19. (1) Suppose i] e O2 satisfies Tik^/k^v) = «i (P^)> ^k2/kAv) = 
02 (p^). Then there exists r]' G O2 such that "Iik-./kSi) = '^1 {Pl)i '^kz/kAv') = 

(2) Suppose f] G O2 satisfies OTdk,{Trk2/kAv) -O'l) = h ^k^/k^iv) = «2 (p^^^)- Uv' ^ 
O2, Trfc2/fc„(V) = «i (P^) fl'^t? NA:2/fc„(V) = 02 (P^^^), w^e have oid^kS^^ki/kSv') - 
ai) = i. 

Proof. We first consider the case i = i = 1. For any uniformizer t] E O2, Tikz/kyiv) — 
Oi = (p^). So the statement (1) follows from the fact that any unit in O^ is a 
square modulo pj,. Consider (2). By Lemma p.l8| , there exist e, f E Oy such that 
r]' = en^ + (1 + f'i^v)v- Let Tik^/k^iv) = cti + hn^ with h e O^ . Then 

Trfc2/fe.(^') = 27r,„e + (1 + f7T^)Trk2/kAv) 
= 2TTye + (1 + /7r^)(a-i + hny) 
= ai + h'K^ (pI). 

So ordfc^(Tr,t2/A:t,(^') ~ '^1) = 1 also. This proves the proposition when i = i = 1. 

Suppose i > 2 and t] G Si^i{ki,k2). Let Trfc2/fc,(r7) - ai = 7i<, Nfc2/fc„(^) - 02 = 
72 vr*, where 7^ G (^2 for i = 1, 2. For (1), we look for an element of the form 
rj' = eiiy + (1 + fT!'v)v with e, / G Oy. If rj' satisfies the condition of (2), rj' is of the 
above form by Lemma p.l8| . Therefore, in both cases we consider r]' of the above 
form. Then 

Trfc2/fe„(V) = 2e7r^ + (1 + /vr^)(ai + 71O, 

^ki/kAv') = e^T^l + evr^(l + fT^v){ai + 7iO 

+ (l + /7r,)2(a2 + 72<). 
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So 

Tr/ca/fc^l??') - cti = 2e7r^ + aifn,, + 7i7r; (p^^^), 

(3.20) Nfc2/fc„ {r]') -a2 = c^tt^ + aicvr^ + aic/vr^ 

+ 2a2/7r, + as/'vr^ + 72< (p^+i). 

Consider the case 2 < i = i < m^. We have 

Trfc,/,„(V)-ai^7i<(p;+^), 

Nfc,/,„(77') - a2 = eV,2 + a^fT^l + 72< (p;+'). 

Since the orders of e^vr^, a2pT^l can be any even or odd integer greater than or equal 
to two, we can choose e, / so that Nfcj/fc^lV) — 02 = (pj,"^^). By the first congruence, 
we still have Tiki/kSv') - Oi = (p^). This proves (1). If oid^kS^^k^/kSv) - ^i) = h 
ordfc^(Trjt2/fcj,(V) — ai) = i by the first congruence also. So this proves (2). 
Consider the case 2 <i = d = m^ + 1. We have 

Trfc,/fe„(V) -ai= 2e7r, + 7i< (p^+i), 

'Ifc2/fci, 



^k,/M) - «2 = eV,2 + a2/V,2 + 72< (p;+i) 



As long as e e O^, TTk2/ky{v')~'^i = (P^)- By the same consideration as the previous 
case, we can choose e, / so that '^k2/ky{v') — ct2 = {p'^^)- This proves (1). We now 
turn to (2). By assumption, 72^ = ^k2/k^{v') - ^2 = (p^+^). So e^vr^ + 02 /^tt^ = 
(pl^^). Since the orders of e^vr^, a2/^7r^ are even and odd, e^nl,a2pT^l = (p^"^^). 
Since z+1 > 3, e G p„. So 2e7r^ = (p^"*"^). This implies that OTdk^{Tik^ik^{rj')—ai) = i 
which proves (2). 

We now assume i < i. Since i < 2£ by assumption, i > 1. We first consider the 
case i < m^. Then lik^jk^irj') — ai = (pj,) if and only if there exists h E O^ such 
that / = -2e/ai + /i<-^-^ Then by (1^01) , 

Trfe,/fc„(r/') -ai = (ai/7r^)/i< + 7i< (pj,+i), 

Nfc2/fc.„(V) - ^2 = eV^ + aievr^ + aie7r^(-2e/ai + /i<"^"^) 

2 + 72< + 2a27r,(-2e/ai + ^-^-i) 

+ a27r2(-2e/ai + /i7rr^-i)2 

= (-1 + 4a2/ai)(e^7r^ - aicvr^) 

+ a2/i'7r2(-^) + 2a2/i<-' + 72< (p^^'). 

Let A^i = ordjfc^(e), N2 = ordfc„(/i). Consider (1). We choose e, h so that < A''i < 
£ — 1 and < A^2 < "^tj — i + £. This is possible because i > 1. Then ordfc^(e^7r^) < 
ordfc,(aie7r^) and ordfc„(/i27r^^*"^^) < ordfc„ (2/177;-^). Note that ordfc„(eV^) = 2A^i + 2 < 

2i and it can be any even integer between 2 and 2i — 2. Also ordjfc^(a2/i^7r^ ) < 
2m^ + 1 and it can be any odd integer between 2{i — £) + l and 2m^ — 1. Since i < 2i, 
2{i — £) + l<i. So we can choose e, h so that N^^/fc^lV) — 02 = (pj,^^). Since h G Oy, 
the condition Trfc2/fc„(r7') — ai = (pj,) is still satisfied. This proves (1). 

Consider (2). li N2 > rriy - i + i then A^2 > because rriy - i + i > 2i - i > 0, 
by assumption. So h E p^. Therefore, ordfc„(Trfc2/fc^(77') — ai) = i. So we assume that 

N2 < m^-i + L liNi > i-1 then e^vr^-aievr^ G p^^ C pj,+i and so a2h^7rv'''~^^ G p;+^ 
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li Ni < i—1 then e^7r^ + a2/i^7rt, G p^^^. Since the orders of these elements are even 
and odd, as/i^Tr^^'"^^ e p;+^ In both cases, h'^ G pi~^^'~^^ = pl^-\ Since 2i - i > 0, 
h e pTj. Therefore, ordk^iTrk^/kviv') " '^i) = "^^ This proves (2). 

We now assume i = niy + l and so z < 2my. Then by ( |3.20| ), Trfc2/fc„(?7')~'^i — (Pl) 
if and only if there exists h & O^ such that e = — (ai/2)/ + /iTr*"™"""^. Then 



Trfc,/..(V) - ai = (2/vrr)K + 7i< (P^^'), 
^k,/kAi) - ^2 = ((-ai/2)/ + K"""~')'^' 



(3.24) 



+ ai7r,(l + /7r,)((-ai/2)/ + hr^l'^^-^) 
+ 2a2/7r^ + a2pTil + 72< 
^ (a2 - {al/^))f7il + (2a2 - (a?/2))/7r, 

+ /,Vf— ")+72<(P^+'). 

Let a2 — (a^/4) = rvr^ and 2a2 — (a^/2) = 571^"+^ Then it is easy to see that r, s G O^. 

Suppose A^ = ordfe^(/). Consider (1). We choose < A^ < m^ — 1. Then 
oiAkSrpT^l) = 2iV+3 < N+m,+2 = ordfe„(s/7r™-+2) and ordfe„(r/27r3) = 2Ar+3 can 
be any odd integer between 3 and 2'my — l. Since i < 2my, 2{i — m^)—i = i — 2m^ < 0. 
So ordk^{h'^iiv "^^ ) can be any even integer greater than or equal to i. Therefore, 
we can choose /, h so that Nfc2/fc„(V) — ^2 = (p^"^^). This proves (1). 

Consider (2). By assumption. 

If A^ > m^ - 1 then 

rfTT^, + rfT^^^^^ G p^'""+^ C p^+i. 

So h'^'nl^''"""^ = (p;+i). If A^ < m^ - 1 then oiAkS^P'^l) < oidk^r f K"^"^) 
and the orders of r/^vrj), h'^iiv "^ are odd and even respectively. This implies that 

^2^2{i-m,) ^ Q ^^i+r^^ ^jg^_ j^ ^^^^ ^^g^g^ ^2 g p2m„+l-i ^ ^^ ^^^ SO /i G p„. 

Therefore, ordfc„(Trfc2/fc^(?7') - ai) = i. This proves (2). D 

The following corollary is easily deduced from the proposition. 
Corollary 3.25. The level of ki, k2 is i if and only if there exists 7] & O2 such that 

oidkS^ik^lkSv) - ai) = i. ^k2/kS'n) = ^2 (P^^^^). 

As we discussed in section 7 of [Q, the following proposition provides a relation 
between the level and the relative discriminant of ki ■ k2/k2- 

Proposition 3.26. (1) Suppose ii = £2 = i, Si = 62 = 6 and i < lev(A;i, ^2) < 6. 
Let i = \ev{ki, k2). Then we have Ak^.k^/ki = P2 ~ ^'^^ ^ks/k^ = pl ■ 
(2) Suppose ii > £2- Then we have Ak^.k^/k^ = P?, Ak^.kz/ki = pf^~^^- 

Proof. Consider the first claim in (1). If lev(A;i, k2) = S then ki ■ A;2/^2 and k^/k^ are 



unramified, by Proposition |3.14| , and so (1) holds. We may now assume that i < 5. We 



choose rj which satisfies the condition of Corollary |3.25| . Let p{z) = z^ + aiz + 02 = 
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be the Eisenstein equation with roots a = {ai,a2}, which generate the field ki. Let 
7 = vr^*(ai + rj). Then p{ai) = is equivalent to the following equation 

(3.27) 7^ + 7i^\ai - 2r])-i + Tx^^^rf - a^r] + aa) = 0. 

Since rf — airj + a2 = TjiTTk^/k^^r]) — Oi) + 02 — ^k2/k.u{.v)y the order of the third term 
in ( |3.27D is one. Therefore, ( |3.27D is an Eisenstein equation whose roots generate 
fci ■ ^2/^2- li i < rjiy then ordfc2(ai) = 2i and ordfc2(2r7) = 2m^ + 1 > 2£. So 
ordfc2(7r^*(ai — 21])) = 6 — i. li i = m^ + 1 then ordfe2(o.i) = 2m^ + 2 and ordA;2(2?7) = 
2mv +1 = 5. So ordfc2(vr^*('^i ~ ^r^)) = 5 — i also. Since 2O2 = ^"2^" and 5 — i < 2m„, 

^ki-k2/k2 — P2 



Consider the second claim in (1). By Corollary p.25| , we choose an element rj G 



Si^i+i{ki, ^2)- We may assume that —r] is one of the roots of p2(^)- Let ^3(0;) be the 
polynomial (|3.8|). Then the roots of ^3(2;) generate the field k^. We evaluate the order 



of the element J in Lemma p.7| , which is the same as that in (p.l2| ) . 

By assumption ordfc„(a2-62) > ^ + 1, ordfc„(ai -bi) = i, ordfc„ (01(62 -0.2)) >i + 2 
and ordfc^ (02(01 — &i)) = i + 1. Therefore, ordfc^(J) = 2i + 1. Now 

(3.28) vr;2*p3«z) = z^- n;'[2{a2 + 62) - aA]z + n^^'J. 

Note that 2(02 + 62) = 4o2 + 2(62-02) and ord^^ (402) = 2m^ + 1, ord^^ (2(62 - 02)) > 
m^j + i + 1. If £ < rriy then ordj!c^(oi6i) = 2i < 2m^ + l,m^ + 2 + 1 since i > i. 
This implies that the order of 7r~*[2(o2 + 62) — 0161] is 2i — i = 6 — i. li i = m^ + 1 
then ordfc^(oi6i) > 2m^ + 2 = 5 + 1. Since i > m^ + 1, the order of 27r~*(a2 + 62) is 
2my + l—i = 5 — i. Therefore, in both cases, (|3.28|) is an Eisenstein polynomial with 



the order of the coefficient of the middle term 5 — i< m^. Therefore, ^k^/k^ = pn ~ ■ 
Consider (2). By Lemma |3l^ , ^3 = 5i > 82- Let i = lev(fci,A;3). Then 62 = 
2{6i — i) by the second statement of (1). Therefore, using the first statement of (1), 
Afci.fc2/fc„ = ^ki-ks/k^ = pf"-^^^ (see 0, Corollary 4, p. 142 which is a local version of 
P, Proposition 13, p. 156). This implies that A^^.^j/fci = Pi^ and ^ki-k2/k2 = P2 ^~ ^• 
Thus (2). D 

We now review the equivalence relation x x y and explain the notation in the 
introduction. Since we are only concerned with x such that kv{x)/kv is ramified, we 
restrict ourselves to such orbits. Suppose x,y E V^^ and ky{x),kv{y) are ramified 
quadratic extensions of k^. If the type of x is (rni rm)* or (rm rm ur), x x y means 
X, y are in the same G^^-orbit. If the type of x is (rm rm rm), we write x x y if and 
only if Afc„(x.)/fc„ = ^k^{y)/k^ and lev{k^{x),ky) = \ev{ky{y),ky). By Proposition |3.2q . 



the last condition is equivalent to the condition A^^.^w^^ = A^^, y^^. If kv{x)/k^ is 

ramified, we let Afc^(2:)/fc„ = p/'" and A^^^^, = lev{ky{x), k^). This explains the notation 
in Tables |l] and ||. 

As we promised earlier, we explain our motivation for our formulation. Before 
finally choosing the formulation of the filtering process in section 6 of , we carried 
out some experiments. At first we tried to compute the standard local zeta functions 
explicitly and we did succeed for non-dyadic places, even though we later settled 
on a uniform estimate without the explicit forms to shorten the paper. Then we 
worked on dyadic places and we discovered that it is difficult even to determine the 
constant terms of the standard local zeta functions. If one tries to compute them. 



16 ANTHONY C. KABLE AND AKIHIKO YUKIE 

the set 5*4^^42 (/ci, ^2) naturally occurs. In fact, if v is dyadic and an orbit of a; G V^^ 
corresponds to a field k^{x) such that lev(/i;„(a;), k^) = i, it turns out that the constant 
term of the standard local zeta function is ^!=o {''^i{kv{x),ky,j) + n2(A;^(x), A;^, j)). 
We also evaluated the terms in this sum and the answer was that if x is of type 
(rm rm rm) then nr{ky{x),k^,j) = ql for r = 1,2 and j < i and if x is of type 
(rm rm ur) then nr{kv{x), k,,,]) = ql for r = 1, 2 and j < S — 1 and ni{k^{x), ky, 6) = 
qf,, n2{k^{x),ky,6) = 0. In the process we had to prove something like Proposition 
3.19| . We realized later that we did not need the constant term nor any estimate of the 



standard local zeta functions at dyadic places, but having Proposition |3.19| eventually 
helped us to evaluate the local densities at dyadic places. This was our motivation 
for introducing the set Si-^^i^{ki, ^2)- 

4. The volume of the integral points of the stabilizer 

In this section we evaluate Yo\{Ky fl G^^^) for orbits of types (rm rm ur) and 
(rm rm rm). The measure on G"^^ is defined in Definition 5.13 of |0|. We shall not 
repeat the definition here but instead recall an alternative formula. Consider the 
usual multiplicative measure on ky(x), i.e. that for which the volume of 0~ , , is 1. 
Suppose «! is a uniformizer of ky{x). Then it was proved in Lemma 10.4 of that 

(4.1) vo\{KynGlJ=Yo\{d4a,r). 

To determine the volume in the above cases we need the following result, which 
provides a reinterpretation of the level in these cases. 

Proposition 4.2. Suppose that ki,k2/ky are distinct ramified quadratic extensions. 
Let Oi be the integer ring of kt, pj be the prime ideal of Oi and ttj be its uniformizer 
for i = 1,2. We denote the integer ring of ki ■ k2 by (9fci-fc2- Let pi{z) = z^ + aiz + 02 
be an Eisenstein polynomial defining ki and ai E Oi be a root of pi. Let f be the 
least integer such that p{ ■ Oki-k2 ^ C'2[ai]. Then f = lev(/ci, k2). 

Proof. We shall show first that / > lev(A;i,/c2) in general. Let i = lev(A;i, ^2) and 
choose Pi e O2 with minimal polynomial z"^ + biz + 62 such that ai = 61 (p^) and 
02 = 62 {pD- Consider the element (ai — /3i)/vr2 of ki ■ k2] we claim that it is an 



integer. In fact, by Lemma 3.7, 



Nfci.fc2/fc,((ai-/3i)/7r, 



Nfe2/fc,(7r2) 



[(02 - 62)^ + (cti - bi){aib2 - a2&i)] 



2i I 



1 



AT / ^-^[(a2 -^2)^ + (cti -&i)(ai(&2 -02) +02(01 -61))] G Ct;, 

Nfc2/fc„(7r2)^* 

by hypothesis. Thus vTg *(«i — A) £ C'2[«i] and it follows that f > i, as claimed. 

We know that lev(fci, ^2) > 1 and so / > 1 and lev(fci,fc2) = / if / = 1- We 
now assume that / > 2 to complete the proof. There are ri,( G O2 such that 
(?7 + (ai)/-K2 G Oki.k2 and one of 77, C is a unit (for otherwise / would not be the 
least integer with its defining property). Taking norms from ki ■ k2 to k2 we find that 
r/^ — ai?7C + a2C^ ^ pV ■ Since 01,02 G p^, C p^, r^ e p^. It follows that ( G C^. 
Furthermore, rj"^ + a2C^ G p| and a2C^ ^ P2 \ P2 froni which it follows that ^ G p2 \ p2- 
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Let US set w = r]/(. Then w is a, uniformizer of k2 and w'^ — aiw + 02 ^ P2 • Let 
z^ — CiZ + C2 be the (Eisenstein) minimal polynomial of to over k^. Then 

(ci - ai)zu + (02 - C2) = (cc^ - airo + 02) - (ro^ - Cicu + C2) 

= (g7^ — aiG7 + 02) G P2 • 

Since (ci — ai)cu has odd order in k2 and (02 — C2) has even order, it follows that 
(a2 — C2) G p2 n (9^ = p^ and (ci — ai)tZ7 G P2 which implies that (ci — ai) G p{. 
Thus / < lev(A;i, k2)- This proves the proposition. D 

Proposition 4.3. // x is the standard orbital representative for an orbit with type 
(rm rm ur) then vol{Ky fl G"^ ) = (1 + %^)^^qy^'' ■ If x is the standard orbital 
representative for an orbit with type (rm rm rm) then vol(i^^ fl G°;, ) = q^'' where 
i = lev(A;j,(a;), k^). 

Proof The ring (9t,[Q;i] is an (9j,-order in O^^rs and so if /3i G O^^r^ satisfies O-j^^,. = 
Oy[f3i] then there is some i > such that 

dy[ai] = {a + b/3i \ a e dy,b e p^} . 
From the previous proposition we see that i = lev(A;^(a;), k^) > 1. Then 

dH^ = {a + b(3i \aed^,bepi}. 

The normalized additive Haar measure on O^ /^-, is da db and so the normalized mul- 
tiplicative Haar measure on 0~ , , is (1 — q~^, )~^dadb, where or / n is the module of 

K{x). Since OJp^ ^ OJp^, 

vol(a.[ai]X) = (1 - q~,X)y'(^ - 9v'K' ■ 
In case the index is (rm rm ur), q^ . ^ = g^ and i = S^ and we have vol((9^[ai]^) = (1 + 

1v^)~^%^'' ■ ^^ '^^^^ ^^^ index is (rm rm rm), g^ ,. = q^ and we have vol((9^[ai]^) = 
q-\ " ^ U 

5. Orbital volumes at the ramified dyadic places 

In this section, we group orbits according to the level and compute X^z^'^K-^^^) 
for each group of orbits. 

Let p{z) = z^ + biz + 62 be an Eisenstein polynomial whose roots rj = {rii,ri2} 
generate k^. Let i = ord^^ (61) if ordfc„ (61) < m^ and i = m^ + 1 if ord^^ (61) > m^ + 1, 
and 6y = 2i or 2m„ + l, as before. For an Eisenstein polynomial pi{z) = z'^+aiz+a2 = 
we define i{pi) and S{pi) similarly. 

Definition 5.1. (1) If ii ^ i then X^^ is the set of isomorphism classes of quadratic 
extensions k' of k^ generated by roots of an Eisenstein equation pi{z) = z^ + 
aiz + a2 = such that i{pi) = ii- 
(2) li i < i < 6y then Xj{i) is the set of isomorphism classes of quadratic extensions 
k' of ky generated by roots of an Eisenstein equation pi{z) = z'^ + aiz + 02 = 
such that (i{pi) = i and lev(A;', k^) = i. 
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(3) We define Xy to be the singleton containing the unique quadratic extension of 
ky of type (rm rm ur) . 

(4) We define X~ to be the singleton containing the unique quadratic extension of 
ky of type (rm rm)*. 



Let aQ{x) , ai{x) , a2{x) be as in (|2.4| ). For each type of x in Definition ^ 



we 

compute J2x ^o\{Kyx). Our strategy is the same as that in section 11 of 0; we define 
a subset V C Vo^ using congruence conditions, cover KyX by disjoint copies of V and 
count the number of copies. Our first task is to define the set V for each case, which 
we shall do as follows. _ 

Let ii ^ i. We put i = min{^i,^}. We define P^^ to be the set of x which satisfy 
the conditions 



(5.2) 



ord^^(x2i) = 1, ordfe„(a;i2) = i, ordfc„(a;22) > ^ + 1, 

if ii < m„. 




ordfc,(ai(x)) , ^ , ^ 

II ii = rriy + 1. 



V 5 



We define V^i^i) to be the set of x which satisfy the condition 

xn eO^, X20 eOl 

ord^ (a;2i) = 1, ordfe„(a;i2) = i, ordfc„(x22) > ^ + 1, 
(5.3) " , ^ 

\=i if £< m^, 

OTdkMi{x))<^ ~ 

I > rriy + 1 it I = rriy + 1. 

We define V^* to be the set of x which satisfy the conditions 



(5.4) 



xu eO^, x2oeO^, 

ord^^(x2i) = 1, ordfc„(xi2), ordfe^(x22) > Sy. 

[ = 1 iil<my, 

ordfc„(ai(x))< ~ 

> niy + 1 11 I = niy + 1. 



Let 7] = {rii,ri2),p{z) be as in the beginning of this section. We define 

1\ / 1 -r]2^ 



(5-5) Wr, J ^-^ ^j , ^_^^ Q 

Then ky{wn) = ky. Note that Wn = (^(^2), 1)^;^. We define 

(5.6) V*~ = {xe Vo^ I x^w, (p^+\pf "+^))}. 

Our next task is to show that points in the above sets correspond to fields of types 
(l)-(4) in Definition |5.1| . Given points in the above sets, we try to simplify them by 
group elements as much as possible so that, after the simplification, the types of the 
corresponding fields are easy to determine. For this purpose we define subgroups of 
Ky which stabilize the above sets. They will also be used later for the computation 
of Xlx^^K-^^^)- W^e use the coordinate system 
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Definition 5.7. For j > we define 

HU) = {9 = (91,92) e Go, I ^121 G pi+\ ^221 G Pv}, 

H{j) = {9 = {91,92) G GL(2)5^/~.+i X GL(2)o„/p„ | (7121 = 0, 9221 = 0}, 

G{<^^') = {9 = (91,92) G Go. I 91 = 1 (P^^'"+'^ 92 ^ 1 (P^+^)}. 
We put 

Q{j) = i^{KjH{j)) = #(GL(2)5^/p.+i X GL(2)o„/pJ/#TO) 

(?.^ - q.)\q'. - 1)YJ 



(5.8) 



(g„ - l)'^qvWv'^^{(lv - l)'^qv 



Proposition 5^9. (1) If £1 ^ i and i = min{£i, £} then H{£)Ve, = V^^. 

(2) Ifl<i< '5^ then H{i)Vj{i) = Vj{i). 

(3) We have h(5^ - l)Vf* = Vf*. 

(4) We have G{7tI^+^)V*~ = Vi. 

Proof. Part (4) is obvious. Consider parts (l)-(3). We put j = i,i,6y — 1 for (l)-(3), 
respectively. Tfien tlie group in question is H{j) in all parts. 

If 5- = (91,92) G H{j) then {gi,l),{l, g2) G H{j) and 9 = {I, g2){9i,l). Thus it 
is enough to verify the claims for g = {91, 1) and g = (1,(72) separately. We begin 
with g = ((?!, 1). For x in the form (|2.3|), let y = gx = (^1,^2) and consider similar 
coordinates for y. Then 

^/'■o = ^~k,/kS9iu)xro + Tri^/j^^igui9ii2Xri) + N^^/^,J^n2)x,2, 

(5.10) yrl = 9lll9l21^r0 + 9lll9l22^rl + fl'll2fl'r21<l + 9ll29l22^r2, 

yr2 = ^%^/kS9l2l)XrO + TY~^^/i^^{9l2igu2Xrl) + ^%,/ 1,^9122) Xr2 

for r = 1, 2. 

Suppose X G Vi-^,V-j^{i) or !)-"'■ Note that j + 1 > 2 in all cases. So 5'i2i,fi'i2i ^ 
p:i^^ ^ PS, a;i2 G pi, and Sn G O^. Therefore, yn G O^ by ( |5.iq ). We also have 
7/20 G O^ since N^^/^^(5fiii)x2o G O^, X21 G p^ and X22 G p^,. Since 5^121, 5^121 ^ 
PS) ^22 G p^ C p2 and ord^^(x2i) = 1, we further have ord^^(|/2i) = 1- 

Note that j + 1 < 6^ in all cases. By Lemma |3.2|, 



ordfc„(Tr^^/,J(7i2i(?r222^ri)) > [{j + 1 + Sv)/2\ > J + 1 . 

Therefore, Tr^^/,^((7i2i<22^ri) G p^,+i for r = 1,2. Also ^1^/^^9121) G pi+^ By 
assumption ordfc„(N^^/fc^(5fi22)xi2) = j in cases (1), (2) and so ordfc„(yi2) = j. In 
case (3), N~^jk^{gi22)xi2 G pi+^ and so yu G p^/^ In all cases N~^^/^Jgi22)xj2 G pi+^ 
and so t/22 G p^^"*^. We have ai{y) = N^^ ,^^(det((7i))ai(x) and det{gi) G C^. Thus 
ordfc„(ai(y)) = ordfc„(ai(x)). All the conditions for y to lie in P^, Vj^i) or P~" have 
now been verified and so gx G T>i-^,Vj{i) or T'-''*. 

We now assume that g = (1,5'2). It is easy to verify that g preserves all the 
conditions in ( p.2|) -( p^ , with the possible exception of the last. The necessary 
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calculation to show that this condition is also preserved by g has already been carried 
out in 0, Lemma 11.23 and will not be repeated here (note that (73 stands in for (72 
in the proof of Lemma 11.23). This proves the proposition. D 

Proposition 5.11. (1) If C,i ^ I and x G T>^^ then ky{x) G X^^. If k' G X^^ then 
there is some x G X'^^ with k^{x) = k' over k^. 

(2) If i < i < Sy and x G T>j{i) then ky{x) G X^(2). If k' G Xj{i) then there is some 
X G "D^ii) with ky{x) = k' over k^. 

(3) Ifxe Vf* then k^{x) G Xf U X*~. If k' G Xf U Xi then there is some x G Vf* 
such that k^{x) = k' over k^. 

(4) IfxeV- then k^{x) = k^. 

Proof. We first consider the first implication in each of (l)-(4). Let x G Vi^^Vjii), 
j)ur*^ or Vj. Applying the element g = (l,*n(— xioX^q^)) to x, which is permissible 
by Proposition |5.9| , we may assume that xio = 0; note that this doesn't change 
ky{x). Further, applying g = (a(X]j^^, 1), N^^ ,^^(xii)a(l,X2o^)) we may also assume 
that Xu = X20 = 1- This implies that ao{x) = 1 and 

(5.12) ai(x) = Tr^^/^^(x2i) - Xu, a2{x) = N~^^^^^{x2i) - X22. 

In case (4), X22 = {pl"^^) and so X22 = (p^). Note that £ + 1,2 + 1,5^ > 2 for 
(l)-(3), respectively, and so X22 = (p^) in these cases also. Therefore, 

ordfc„(a2(a;)) = ordfc^(N^^/^^(x2i) - X22) = ordfc„(N^^/^^(x2i)) = 1. 

By this and the last conditions in (|5.2| )- (|5.4|) , Fx{z, 1) is an Eisenstein polynomial such 
that the corresponding iis ii,i,i for (l)-(3), respectively. In case (4), xu = (p^""*"^) 
and so ordjt^(ai(x)) = £ or ordjt^(ai(x)) > ruy + l, by Lemma ^71]. The first implication 
in (1) is now clear. 

Consider (2). By assumption, 

ordfc„(Tr^^/^^(x2i) - ai(x)) = ordfc„(xi2) = i, 

N^.A„(^2i)-a2(x)=X22 = 0(p;+^). 

So, by Corollary p.25| , \ev{kv{x), ky) = i. This proves the first implication of (2). 
Consider (3). We have 



V )■> 



^k./kM^i) - «i(^) = a;i2 = (p 

^~k./kM2l)-a2ix)=X22=0ipt^). 

Therefore S-^ ^ {ky{x), ky) 7^ 0. So the only possible types are (rm rm ur), (rm rm) 
by Corollary |3.13| and Proposition |3.14| . 



By similar considerations, S-^ ^^ j ^i{ky{x), ky) 7^ in case (4). So the only possible 
type is (rm rm)*, by the remark after Corollary p.l3| . 

We now consider the second implication of (l)-(3). Suppose the roots of an Eisen- 
stein equation p{z) = z^ + Oiz + 02 = generate k' . In part (1), there exists rj E ky 
such that ordfc^(Tr^ (rj) — Oi) = i and N^ (77) — 02 = (p^"*"^), by Proposition p.l7| . In 



part (2), by Corollary |3.25| , there exists rj E ky such that ordfc^(Tr^ (rj) — ai) = i and 
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N^ [r]) — a2 = (p^'^^). In part (3), by Proposition |3.14| , there exists r] E k^ such that 



Tr^ {jj) — ai, N^ (77) — 02 £ pi" ■ Let x = {n{ri — ai), l)wp in all cases. Then 

'0 1 \ A r/° 

and so x satisfies (|5.2| ), (|5.3|) or ( |5.4|) . This proves the second implication of (1)- 
(3). D 

Our next task is to prove that the sets defined in ( ^.2|) -( pl6D are covered by the 
-ft'ji-orbits of suitably chosen standard representatives. 

Lemma 5.13. Suppose p,p' are Eisenstein polynomials whose roots generate the 
same ramified quadratic field over k^. Then there exists k, G K^ such that Wp = nWpi . 

Proof. Let ai,a2 and ai,a2 ^e roots of p,p', respectively. Since ai,a\ are both 
uniformizers of the same field, there exist c Epv, d E O^ such that ai = c + da\. Let 
Ha a' = n{—c)a{l,d). Then Ha a' G GL(2)c)„ and ha = Haa'ha'- If ky{ai) 7^ k^ then, 
by [0,(3.18), 

Wp = {ha, ("2 - ai)~^ha)w 

= {l^a,a', d~^l^a,a'){ha', ("2 " a[)~^ha')w 
= [f^a,a'i d K,a,a')Wp' 

and {Ka,a' , d~^ K,a,a') ^ Ky siucc d G O^ . If /i;t,(ai) = k^ then 

■i^p = (ha, ha, (02 - ai)""^/iQ-)w 

Note that we are regarding {ha, ha, (0:2 — ai)~"'^^Q!) and {na,a', i^a,a', d~^Ka,a') as ele- 
ments of G-j^ here. Since c,d E k^, {na,a', 1^0,0', d~^Ka^a') is an element of Gk^ regarded 
as embedded in G-^ . Therefore {Ka,a' , i^a,a' , d~^ Ha,a') ^ K^ in this case also. D 

If £1 7^ i, we choose Eisenstein polynomials pe^^j, for j = l,...,Ni^, so that 
{ky{wp^ .)} is a complete set of representatives for the classes in X^^. Similarly, 
we choose Eisenstein polynomials p^ j ,-, for j = 1, . . . , Nj{i), so that {kv{wp^^_ .)} is a 
complete set of representatives for the classes in X^i) and an Eisenstein polynomial 
pY so that X~^ is the singleton containing the class of kv{wpur). In order to simplify 
the notation, we write w^^j in place of Wp^ ., wj^ . in place of Wp^^ _ and wY in place 

of Wwi^ . 

Proposition 5.14. (1) If x E V^-^ then x E VJjK^Wi^j. 

(2) If X E T>j{i) then x E UjK^wj- .. 

(3) IfxE Vf* then x E K^wf UK^Wr,. 

(4) IfxEVj then x E K^Wr,. 



Proof. As shown in the proof of Proposition |5.11] , we may assume that a;io = and 



2^11 = X20 = 1- Let p{z) = z^ + ai{x)z + a2(x). Then, by ( |5.12|) 



X = {n{x2i — ai(x)), l)wp E K^Wp. 



22 ANTHONY C. KABLE AND AKIHIKO YUKIE 



Consider (1). By Proposition |5.11| there exists j such that k^{x) = ky{we^j). By 



Lemma |5.13| , Wp G KyWi-^j and so x G K^we-^j. Cases (2), (3) and (4) are similar. D 



Next we shall find the volume of the sets defined in ( p.2| )-( pT6D and find the number 
of copies needed to cover the i^^j-orbits of the standard representatives. 

Lemma 5.15. Suppose Ui,U2 G O^, ord^ (ui) = j, and ord^ (^2) > j + 1- 

(1) If J < 5^ then ordfc„(N^^/^^(Mi)) < ordfc„(Tr^^/^^(M2)). 

(2) If J = 5, or6, + l then ^ij.^u,), Tr^^/fc^(ix2) G p^ 

Proof By Lemma p|, ordfc,(Tr^^/,^(M2)) > [{j + 6, + l)/2j > (j + ^,)/2. If j < 5, 

then j < (j + 6y)/2 and, since ordfc^(N^^ ,^^(mi)) = j, (1) follows. In (2), it is clear 

that '^i^/k^{ui) G p:^. If j = 5^, then Lemma ^^ gives ordA;„(Tr^^y^^(u2)) > 6^ and if 

j = 6y + 1 then it gives ordfc^(Tr^^ ,^^(^2)) > Sy + 1. This completes the verification 
of (2). " " D 

Proposition 5.16. (1) Suppose ii ^ i and ii < m^ and let I = min{£i,£}. Then 

(2) Suppose i = i < niy and ii = niy + 1. Then vol(P£j = q'^^^~^~^(l — Q^^)^- 

(3) Suppose I< my. Then vol(Pj(f)) = ^-^^-^(l - q-^f{l - 2q-^). 

(4) Suppose I<i<6y ori = my + l. Then vo\{Vj{{}) = g^^*"^(l - q^^)^. 

(5) vol(Pf*) = g,-25„-i(i_^-i)3_ 

(6) vol(P|) = g.~'('"+'\ 

Proof. Part (6) is obvious. 

Consider (1) and (2). Suppose £1 < i and x G Vo^ satisfies the condition ( |5.2|) 
except possibly for the last condition. Then ai(x) = TT-j^^,j^^{xnX2i) —X12X20 (p^^"*^) by 

(U). Since p^ C pl+\ Tr^^/^^(xiia;^i) = 0(p^+i), by Lemma gj, and ordfc„(xi2X2o) = 



i. Thus the last condition of ( p. 21 ) is automatically satisfied. The volumes of the sets 
of Xio,Xii,Xi2,a;2o,a;2i,a;22 satisfying condition ( pT^ ) are 1, 1 - q~^,q~^{l - q^^), 1 - 
g~^, g~^(l — gj7^)) 'ZiT^"^? respectively. Therefore 

vol(P,J = g;^^-^(l - q;r = q;''-'-\l - q;r- 
Now suppose that ii > £ and again assume that x G Vq^ satisfies the condi- 



tions of (|5.2|) except possibly for the last. We have i < m^ and so, by Lemma pA 

ordfe^(Tr^^/^^(xiia;2i)) = i. Since i = i, ordfc^(xioX22) > i+1 and so 

ordfc„(Tr^^/^^(xii4i) - X10X22) = I. 



If £1 < niy then it follows from this and (|2.4|) that x satisfies the last condition of 
if and only if 



(5.17) a;i2 = -X2o^(Trr ,. (xnx^i) - X10X22) (p^) 
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but the corresponding congruence with £i + 1 in place of £i is false. With the other 



variables fixed, the volume of the set of a;i2 satisfying ( |5.17| ) is q^ ^ and hence the 
volume of the set of allowable x^ is g.^^^ — Qv ^ = q^^^i^ — q^^)- This gives 

vo\{v,j = (1 - q;'M'^{i - q;')){i - q;'){q-\i - q;'))q;^'^'^ 



in this case. If ii = m.^ + 1 the reasoning is the same, except that (|5.17|) is the only 



condition on Xi2. We thus obtain a similar formula for YoliVi^) with one fewer factors 
of (1 — q~^). This proves (1) and (2). 

Consider (3). Suppose d < m^ and x satisfies the conditions of ( [5.3| ) for z = £ 
except possibly for the last condition. Since Xioa;22 G p:^"*"^, 

(5.18) a,{x) ^ Tr^^/,^(a;nx^i) - 0:12X20 {P^') 



by ( |2.4|) . The order of the first term is ^, by Lemma |3.1| , and the order of X12 is L 
So, when xu, X21, a;i2 are fixed, for ai{x) to be of order £, 0:20 has to be a unit which 
is not congruent to Tr^^ ,^^(xiia;2i)a;^2^ modulo p^,. Therefore 

^^oliVjii)) = (1 - q-'){q-\l - q-'m - 2q-'){q-\l - q;'))qf-' 

= q;''-'ii-q;;'ni-2q;'). 



Consider (4). Suppose that x G Vo^ satisfies all the conditions of ( ^.3|) except 
possibly for the last. We shall show that the last condition follows automatically. First 



suppose that £ < m^ and i < i < 6^,. Then ordfc^(Tr^^ ,^^(xiiX2i)) = i, by Lemma |3?T|, 

and a;ioa;22,a;i2a;2o ^ p^ C p^+^ Thus, by (p^), ordfc^(ai(a;)) = i, as claimed. Now 
suppose that i = m^ + 1 and d <i < 5^. Then ordjt^(Tr^^ ,^^(0:11X21)) > £, by Lemma 

0| , and Xioa;22, 3^123^20 ^ P^ ^ P^- Thus, by (p^), ordfc^(ai(x)) > d, and again the last 
condition holds. This implies that 

vol(P,~(^)) = (1 - q-^){q-\l - q-^m " ?."')(g;'(l " 9;'))^"' 
= qf'-\l - Q;r- 
Consider (5). Suppose x satisfies the condition (|5^ ) except possibly for the last 
condition. Then Xi2,a;22 £ P^" ^ P^"*"^- Since ordfc„(Tr^^ ,^^(xiia;2i)) = £ if £ < m^ and 
> TUy + 1 if £ = my + 1, so the last condition of ( |5.4| ) is always satisfied. Therefore, 

vol(Pf *) = (1 - q;')qf'^il - q;'){q;\l - q;'))qf'^ 

This finishes all the cases. D 

Proposition 5.19. (1) Let i\^ I and i = min{£i,£}. Suppose g G K^, x,y & T>^^ 
and gx = y. Then g G H{i). 

(2) Let i < i < 6y. Suppose g G K^, x, y G V-^ii) and gx = y. Then g G H{i). 

(3) Suppose g G K^, x,y E V-" and gx = y. Then g G H{6v — 1). 



24 ANTHONY C. KABLE AND AKIHIKO YUKIE 



Proof. Suppose g = {gi, 92) is as in (p.2|). Since both F^(f) and Fy{v) are congruent 
to unit scalar multiples of vf modulo p^, ^'221 = (pt,). Since (1,5'2) G H{j) for every 
j > 0, we may assume that g2 = 1. 

Since X2o,|/2o e O^, X2i,|/2i e pj, and X22,l/22 e pj,, we have 5-121 = (pt,). This 
implies that 5-111, 5-122 & O^ . By (|5.10| ), 

^22 = N^„/fc„(5l2l)x20 + Tr^^/;,j5l2l5r22a;2l) + N^„/fcj5l22)a;22. 

Consider (1). Since £ < 6jj, ii ord^ (5121) < ^ then 

ordfc„(Tr^^/^^(5i2i5ma;2i)) > ordfc„(N^^/^^(5i2i)x2o) = i 



by Lemma |5.15| . Since X22, 1122 £ P^^^, this is a contradiction. Since i,6y — 1 < 6y, (2) 
and (3) are similar. D 

The next corollary follows easily from Lemma |5.9| and Proposition |5.19| . 

Corollary 5.20. (1) Suppose ii 7^ I. If g,g' G K^ and gVe^ n g'V^^ ^ then 
gV,,=g'Vi,. 

(2) Suppose i<i<6^. Ifg, g' E K^ and gVj{i) ng'Vj{i) 7^ then gVj{i) = g'Vj{i). 

(3) Ifg, g' e K and gVf* n g'Vf* ^ then gVf* = g'Vf 



I 



We are now ready to calculate ^^ vol(i^j,x). 



Proposition 5.21. (1) Suppose ii ^ i and ii < m^. Then ^-Yol^KyWi^-^j] 



(2) Supposed. < m^ and£i = m^+l. T/ien ^^. vol (K^w^^j) = q',„ ^^(1— g^, "^)(1— g^, ' 



(3) Suppose i<m^. Then Y,i vol(i^j,w^j,) = g~^(l - g^^)(l - 2g,7^)(l - g^ 



jj •"-V--t;-££jy — " II—" II 1 — Z,M 111—,^ 

(4) Suppose a < i < 5.U or i = m^ + 1. Then V . vol^K^wj- ^) = g^*(l — g^^)^(l 
g-2)2. 

(5) vo\{K,wf) + vol(ir,^,) = q-'^il - q-'){l - q-^f. 



Proof. Consider (1). Let (, = min{£i, ^}. By Propositions |5. 1^ and p.l9| and Corollary 
|5.2CI| , UjKyW^^j is a disjoint union of translates of T>^^ and the number of translates 
is Q{i). So, by d^) and Proposition |5A6|(1), 



5^ vol(ir.^,,,) = Q(Ovol(I),J = e^(l + q-'fq-'^-'-\l - q- 



1\4 



Cases (2)-(5) are similar using Proposition |5.16| (2)-(5). D 

Our next task is to determine Yo\{KyWj^). Let p{z) be the polynomial introduced 
in the second paragraph of this section and recall, as noted after (Ol), that m^ = 



{n{rj2), l)wp. Let G j„+i and G° ^ be the sets of (Oi,/p^''"*'"'^)-valued points 

of the schemes Gw^ and G^ over Oy. 

Lemma 5.22. The order of G° ^ ^, is qf^^^iqv - !)• 
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Proof. Since w„ = (n(ri2),l)wp and (n(ri2),l) G K^, G° ~ and the similarly 

defined set G° j , , are conjugate within G ^^ , s +i and so it suffices to find the 

order of G° ^ , , • Let 

It was proved in 0, Lemma 11.2 that G" ? ,, consists of elements of the form 

(^p(ci,rfi),v4p(c2,rf2)) where Ci,di G a/p^^^''+^\ 02,^2 G C^,/p^+\ detAp(ci,rfi) G 
(C„/p^ " )^ and C2 and ^2 are related to Ci and di by the equation 

Ap(c2, ^2) = ^p(ci, rfi)-iAp(c^ dlY^ . 

Note that detAp(ci,cii) G (a/p^^^"+^^)^ if and only if d G (a/p^^'^"+^^)\ The 
expression for the order follows immediately. D 

We denote by Wr, the reduction of w„ modulo pf,""'"^ and by G ^^ , s+i the stabilizer 
of w, in G^^/p^.+i. Clearly G^^^^/^^^+i is a subgroup of G^^^^/pJ^+i- 

Lemma 5.23. We have [G ,^ , s +1 ■ G° . ^,1 = 2g^"+2L<5./2j _ 

Proof. Let w)^ denote the reduction of w^ modulo pf,"'*'^ and G ,^ , j, ,+ 1 the stabilizer 
of Wp in G , J +1. Our first step will be to show that every right G° ^ , , coset 

in G _ , s +1 has a representative of the particular form given in (15.241) below. 
For X = (xi,a;2) G V j„+i, let Span(a;) be the (Ct,/p^''"*"^)-module spanned by Xi 

^v /Pv 

and X2 inside W s„+i. As was stated in 0, Lemma 11.4, if gi G GL(2) - ^2{5„+i) 

^v /Pv C^v/pv 

then there exists g2 G GL(2) ^^+i such that {gi,g2) ^ G s^+i if and only if 
Span((5fi, l)x) = Span(x). 

Suppose that g = ((71, (72) G G_ ^„+i. Since F^~(fi,f2) reduces to vf modulo 

'Wp ^v /Pv ^ 

pv, 9221 G (pt,/p^"'^^). Using this fact and examining the second component of Wp 

modulo pj,, we find that g^i G {py/pv " )• This implies that gm and (7122 lie in 

{djpl'-^^+^^y. li we put Ci=gu2,di = gn2&ndAp{c2,d2) = Ap{ci,di)-'Ap{c1,d1)-' 
then {Ap{ci, di), Ap{c2, ^2)) & G° , , the (1, 2)-entry of Ap{ci, di)gi is and the 

(1, l)-entry is det(5'i). Since (\.ei{gi) G {Ov/pv " )^, we may further multiply on 
the left by (y4p(det((y'i)~^, 0), *) e G° ^ ^^ to find a representative for the right 

G° J , , coset of q having the form 

(6.24) ((1 °,,, 

with t G [Oy/pv " )^ and n G C^/p?; " . It is easy to check that each coset has 
exactly one representative in this form. 
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Since Wr^ = {n{ri2) , l)wp and (^(772),!) G Ky, it easily follows that every right 
G° ^^^j coset in G _ s^+i also has a unique representative in the form ( |5.24| ). 

Our second step will be to determine when such an element actually lies in G _ ^^+1 . 

Suppose that ((71, (72) is in the form ( |5.24|) . Then ((71, (72) G G. Sy+i if and only if 

Span(((7i, l)wn) = Span(u}r,). Computation gives {gi, l)wn = (Mi,M2) where 

Note that y = ( yj ya ) is in Span(w^) if and only if ^2 = and yi — Vi = Voirji — 772). 
Thus our element lies in the stabilizer of Wr^ if and only if 

tu" + t''u = t'' -t = 

(5.25) mm" - trjiu'' - rr]2U = 

(m'^ - rr]2) -{u- tr]i) =7]i-r]2- 

Since t must be a unit, the first equation is equivalent to t = t°", u" = —u. Using this, 
the second two equations become v? = t{rji — rj2)u and 2u = {rji — rj2){t — 1). Making 
use of the second of these, the first is equivalent to «(« + (771 — 772)) = 0. Thus (|5.25| ) 
is equivalent to the system 

(5.26) t = r , u" = ~u, u{u + {r]i - 772)) = , 2m = (7/1 - r]2)it - 1) . 

In the analysis of this system it will be convenient to adopt the usual abuse of notation 

by which classes in O^/pv " and their representatives in O^ are denoted by the 
same symbol. 

Since ord^ (r/i — 772) = Sy, the third equation in ( [5.26[ ) is equivalent to the condition 

that either ord^ (m) > 5„ + 2orord^ (m+ (771— 7/2)) > Sy + 2. These two possibilities are 
mutually exclusive and it is easy to check that the bijection (m, t) 1— >• (m — (771— 772), t— 2) 
carries the set of solutions to ( |5.26| ) satisfying the first inequality onto the set of 
solutions satisfying the second. Thus we may assume henceforth that ord^ (u) > 6^+2 
provided we then double the number of solutions found. Since ord^ (u) > 6^ + 2, 

ordfc„ {u + u") > [{2'6y + 2)/2j =6^ + 1, by Lemma |3]|, and so ord^^ {u + u") > 26^ + 2. 
Thus the second equation in (|5.26| ) is a consequence of the third and may be deleted 
from the system. 

Now suppose that 6y < 2my, so that 5y = 2i. Since ord^ (m) > 6^ + 2, we may 
write M = (7/1 — 7/2)vr„'U with u G Oy. The fourth equation in ( p.2(j| ) is then equivalent 
to t = 1 + 2TTyU (p^+^).^ Thus t = 1 + 2TryU + vrf+^c with c G Oy. It follows that 
t - r = 27ry{u - m'") + 7r^(c - c'"). But {u - m'"), (c - c'") G p^" and so 

Thus the first equation of ( |5.26| ) is a consequence of the third and fourth. There are 
thus #(p^''+^/p^''"+^) = Qy" choices for u and, for each choice of u, #(p^"+^/p^''''^^) = 
Qy'" choices for t. This gives g^''" solutions to ( |5.26|) with ord^ (u) > 6y + 2. Thus 
there are 2g^^" solutions in all in this case. 
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Finally, we must consider the case where 5^, = 2my + 1. We may assume that 
the uniformizer, vr^, has been chosen so that y^ G k^. Since ord^ (u) > 6^ + 2, 

we may write u = {rji — rj2)TivU with u G O^. Again t = 1 + 27r^,u (p^"^^) and so 
t = 1 + 27r„'U + i/vrJJ'vr^^+^c with c E O^. Let us write u = Uq + Ui^Hl^ + ^2711, and 
c = Co + Ciy^ + C2vr^ where -uq, mi, cq, ci G Ct, and ^2, C2 G Ot,. This is possible since 
ky/ky is ramified. A simple calculation gives 

1-1" = Aui^^T^y + 2cov/^0+i - 27r2(M^ - M2) + v^O^^^^- + C2) . 



Now u°' — U2 & pi" and 03+02 = (cj — C2) + 2c2 G p^™" and so the last two terms lie 
in pf"+3 C pf"+2. Thus 

t - t'^ = 4Mi0^7r„ + 2cov/^<"+' (Pf '^') 

and so f^ = t (p^'^''^^) if and only if ui = — (7r™''/2)co (pi,). Since u,t are determined 
modulo p^^"^^, we can regard u, c as elements of Oy/pi". There are g^^"~^ pairs {u, c) 
satisfying the congruences relating ui and cq and these lead to g^*""^ pairs {u,t). 
Thus there are 2g^''"~^ solutions in all. D 

Proposition 5.27. We have vo\{KyW.r,) = y'^'^'^^^^^^^il - q-^){l - q-^f. 
Proof. In light of the previous two lemmas and Proposition |5.16| (6), we have 



vol(ir^w^) =qy "-"^ > ■ — 



2g^+'L5./'J • g^+3 ■ (g, - 1) 



D 



From Propositions 5.27 and 5.21| (5) we easily obtain the following. 



Corollary 5.28. We have 

This completes the verification of the values of e„(x) in Tables |I| and |^. 
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